$\eta$-pairing in correlated fermion models with spin-orbit coupling by Li, Kai
ar
X
iv
:1
90
1.
06
91
4v
2 
 [c
on
d-
ma
t.s
tr-
el]
  1
3 M
ar 
20
19
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We generalize the η-pairing theory in Hubbard models to the ones with spin-orbit coupling (SOC).
Despite the broken SU(2) spin symmetry, the η pairing reveals an SU(2) pseudospin symmetry in
our spin-orbit coupled Hubbard model. In particular, we find that our exact results can be applied
to a variety of spin-orbit coupled systems, whose noninteracting limit can be a Dirac semimetal, a
Weyl semimetal, a nodal-line semimetal, and a Chern insulator. We then focus on a Dirac-semimetal
Hubbard model with additional interactions and establish the stability regions in parameter space
where the η-pairing states as well as charge-density-wave states can be constructed as exact ground
states. The basic idea of the exact solution is to make the Hamiltonian frustration-free in some
parameter regions. Our work uncovers an exact SU(2) symmetry and establishes the exact super-
conducting ground states in spin-orbit coupled interacting systems, which may shed new light on
the physics of strongly correlated systems with SOC.
Introduction.—Exact results or solutions of interact-
ing many-electron models beyond one spatial dimension
are rare and highly appreciated. One important ad-
vance in studying the Hubbard model is the so-called
η-pairing theory, which is an exact result due to Yang
[1]. The η-pairing operator allows for the construction of
exact eigenstates possessing off-diagonal long-range order
(ODLRO) and reveals an SU(2) pseudospin symmetry [2]
of the Hubbard model. More importantly, the η-pairing
states can serve as exact superconducting ground states
in a class of strongly correlated electronic models [3–5],
which is beyond the framework of BCS theory. Recent
developments based on the η-pairing theory include the
calculation of entanglement entropy of η-pairing states
[6, 7] and the study of quantum thermalization physics
in Hubbard models [8–11].
It is now recognized that spin-orbit coupling (SOC)
can produce a wealth of topological phases and phys-
ical systems with SOC are currently under intense in-
vestigation. In particular, a number of theoretical un-
derstandings have been obtained for strongly correlated
electronic systems with SOC [12–14]. Nevertheless, most
of these theoretical investigations used various approxi-
mate methods such as mean field theory and more rigor-
ous and clearer physical understanding of these systems
deserves further studies. Therefore, exact results or solu-
tions for spin-orbit coupled interacting electronic systems
would be valuable.
In this work, we first show that Yang’s η-pairing the-
ory can be generalized to a class of Hubbard models with
SOC. The exact SU(2) pseudospin symmetry can be then
preserved in these systems, while the SU(2) spin sym-
metry is broken due to SOC. We then apply these exact
results to four concrete spin-orbit coupled systems in-
cluding, in the noninteracting limit, a Dirac semimetal,
a Weyl semimetal, a nodal-line semimetal, and a Chern
insulator. Moreover, the η-pairing states can be stabi-
lized as exact ground states by introducing additional
bond interactions. In particular, we focus on an inter-
acting Dirac-semimetal model on the square lattice. The
basic idea of the exact solution is to make the Hamilto-
nian frustration-free in some parameter regions. It can
then be shown that the η-pairing states with momentum
pi and 0, as well as charge-density-wave (CDW) states,
can be constructed as exact ground states in different
parameter regions, respectively.
Model and generalization of η pairing.—The generic
Hamiltonian for our spin-orbit coupled Hubbard models
in arbitrary dimensions is given by
H = H0 +HU
H0 =
∑
k
C†k(αkσx + βkσy + γkσz + εkσ0)Ck
HU = U
∑
i
ni↑ni↓. (1)
The noninteracting part H0 is written in momentum
space, where C†k = (c
†
k↑, c
†
k↓). In H0, the three
momentum-dependent real coefficients αk, βk, γk with
Pauli matrices σx,y,z represent the SOC, and the term εk
with the identity matrix σ0 is the usual energy band with-
out SOC. The interacting part HU written in real space
is the on-site Hubbard interaction, where niσ = c
†
iσciσ.
In the absence of SOC (αk = βk = γk = 0), Yang finds
that the so-called η-pairing operator η†pi =
∑
j e
ipi·jc†j↑c
†
j↓
obeys the commutation relations [H0, η
†
pi] = −2µη
†
pi and
[HU , η
†
pi] = Uη
†
pi, where µ is the chemical potential and
pi = (π, π, π) or (π, π) for the cubic or square lat-
tice. The total Hamiltonian and η†pi thus obey [H, η
†
pi] =
(U − 2µ)η†pi, and one can construct many exact eigen-
states H(η†pi)
m|0〉 = m(U − 2µ)(η†pi)
m|0〉 (m = 0, 1, ...)
possessing ODLRO.
In Yang’s observation, the key point that makes the
possible η pairing is the fact that the energy band εk
2(for the cubic or square lattice without SOC) has the
property εk + εpi−k = −2µ (independent of k), which
leads to the commutation relation [H0, η
†
pi] = −2µη
†
pi.
Therefore, to generalize the η-pairing theory to Hub-
bard models with SOC, e.g., Eq.(1), we need some new
constraints on the coefficients αk, βk, and γk. To achieve
these new constraints, we first define the η-pairing oper-
ator with a generic momentum Q as
η†Q =
∑
k
c†k↑c
†
Q−k↓ =
∑
j
eiQ·jc†j↑c
†
j↓. (2)
It can then be shown [15] that
[H0, η
†
Q] = λη
†
Q, (3)
if αk, βk, γk, εk, and Q satisfy the following equations
αk = αQ−k, βk = βQ−k,
εk + εQ−k + γk − γQ−k = λ, (4)
where λ is a constant independent of k. The commutator
of the Hubbard interaction and the η-pairing operator
reads
[HU , η
†
Q] = Uη
†
Q, (5)
which holds for arbitrary Q. It follows from Eqs.(3) and
(5) that the η-pairing operator is now an eigenoperator
of the total Hamiltonian, namely
[H, η†Q] = (λ+ U)η
†
Q. (6)
Therefore, one can construct many exact eigenstates
H(η†Q)
m|0〉 = m(λ+ U)(η†Q)
m|0〉 possessing ODLRO.
The SU(2) spin symmetry is typically broken due to
the SOC terms in Eq.(1). However, from Eq.(6), we see
that our spin-orbit coupled Hubbard model possesses an
exact SU(2) pseudospin symmetry when λ + U = 0.
The term pseudospin is attributed to the SU(2) al-
gebra formed by η-pairing operators, i.e., [Jα, Jβ ] =
iǫαβγJγ (α, β, γ = x, y, z), where Jx =
1
2 (η
†
Q + ηQ), Jy =
1
2i (η
†
Q − ηQ), Jz =
1
2 (Nˆe − N), Nˆe =
∑
iσ niσ, and N is
the number of lattice sites.
Physically, the pseudospin symmetry can be under-
stood via a particle-hole transformation for the spin-
down electrons: f †j↑ = c
†
j↑, f
†
j↓ = e
−iQ·jcj↓. The pseu-
dospin operators can now be rewritten in terms of the f
fermions as Jα =
1
2
∑
j f
†
j ταfj , where τα are the Pauli
matrices and f †j = (f
†
j↑, f
†
j↓). Thus, the pseudospin can
be interpreted as the spin of f fermions. It is important
to emphasize that the η-pairing states do not have the
pseudospin symmetry. In fact, they correspond to the
ferromagnetic states of f fermions, i.e., J2(η†Q)
m|0〉 =
N
2 (
N
2 + 1)(η
†
Q)
m|0〉 and Jz(η
†
Q)
m|0〉 = (m− N2 )(η
†
Q)
m|0〉
(where J2 =
∑
α J
2
α), which break the f fermion’s spin
symmetry and hence break the pseudospin symmetry.
Application of the generalized η-pairing theory.—Based
on the above exact results for model (1), we find that the
the η pairing can exist in a variety of spin-orbit cou-
pled systems. In particular, we apply these exact results
to four concrete examples, which include three gapless
and one gapped noninteracting topological phases due to
SOC.
The first example is a Dirac-semimetal Hubbard model
on a square lattice. Its Hamiltonian is given by Eq.(1)
with αk = 2t
′ sin kx, βk = 2t′ sin ky, γk = 0, and εk =
−2t(coskx + cos ky) − µ. The lattice spacing has been
set to unity throughout our paper. There are four Dirac
points K = (n1π, n2π) at U = 0, where n1,2 = 0 or
1. Substituting the expressions of αk, βk, γk and εk into
Eq.(4), we find that the η-pairing momentum Q = pi and
the constant λ = −2µ.
Similarly, the next example we consider is a Weyl-
semimetal Hubbard model on a cubic lattice. Its Hamil-
tonian is given by Eq.(1) with αk = 2t
′ sin kx, βk =
2t′ sin ky, γk = 2t′ sin kz, and εk = −2t(coskx + cos ky +
cos kz) − µ. There are totally eight Weyl points K =
(n1π, n2π, n3π) at U = 0, where n1,2,3 = 0 or 1. As can
be seen from Eq.(4), the η-pairing momentum Q = pi
and the constant λ = −2µ. Notice that for our Dirac-
or Weyl-semimetal Hubbard model, the original η-pairing
theory [1] is recovered in the absence of SOC, e.g., t′ = 0.
Our third example is a nodal-line-semimetal Hubbard
model on a cubic lattice [16]. Its Hamiltonian is given by
Eq.(1) with αk = t(cos kx+cos ky−b), βk = t
′ sin kz, γk =
0, and εk = −µ. At U = 0, upon expanding αk and βk
near the k = 0 point, we obtain a nodal ring with radius√
2(2− b) pinned at the kz = 0 plane. We notice that,
from Eq.(4), the η-pairing momentum Q = (0, 0, π) and
the constant λ = −2µ.
The last example we consider is a Chern-insulator Hub-
bard model on a triangular lattice [17]. Its Hamiltonian
is given by Eq.(1) with αk = −2t cos(
kx
2 −
√
3ky
2 ), βk =
−2t cos(kx2 +
√
3ky
2 ), γk = −2t coskx, and εk = −µ.
This model breaks time-reversal symmetry and H0 has
a nonzero band Chern number ±2. In the large-U limit,
this system is described effectively by the triangular lat-
tice Kitaev-Heisenberg spin model [17, 18]. We see that,
from Eq.(4), the η-pairing momentum Q = 0 and the
constant λ = −2µ. Note that the η-pairing operator with
Q = 0 is simply the s-wave Cooper-pairing operator in
the usual BCS theory. In fact, the first generalization of
η pairing to a triangular lattice was obtained by adding a
staggered π/2 flux through each triangle plaquette [19],
in the absence of SOC.
Now, a few remarks are in order. Firstly, Eq.(4) can
have nontrivial effects on the topological properties of
spin-orbit coupled systems [15]. Secondly, for the above
four examples of spin-orbit coupled Hubbard model (1),
the exact SU(2) pseudospin symmetry is respected when
λ + U = 0, i.e., µ = U/2. We notice that the pseu-
3dospin symmetry would lead to a vanishing pseudospin
moment 〈Jzi 〉 = 〈
1
2 (ni − 1)〉 = 0 on each site, so the elec-
tron density is fixed at half filling (independent of the
temperature) when µ = U/2.
Construction of the exact η-pairing ground states.—In
general, the exact η-pairing eigenstates of the Hubbard
model (1) are not ground states [1]. In fact, beyond one
spatial dimension, the Hubbard model has no exact solu-
tion to this day. However, some extended Hubbard mod-
els containing additional interactions are exactly solvable
by constructing the ground state wave functions explic-
itly [3–5, 20]. Following the method used in Ref.[20], we
would further show that the η-pairing states can be con-
structed as the exact ground states of extended Hubbard
models with SOC.
For the sake of concreteness, let us consider a square
lattice Dirac-semimetal model similar to the one dis-
cussed above. Besides the on-site Hubbard U , we now
introduce additional bond interactions, and the resulting
new Hamiltonian can be expressed as
H ′ =
∑
x-bonds
hxij +
∑
y-bonds
hyij , (7)
where the summation
∑
x-bonds (
∑
y-bonds) runs over all
the bonds along the x (y) direction of the square lattice.
The bond Hamiltonians are given by
hxij = t(c
†
iσxcj + c
†
jσxci)−
µ
4
(ni + nj) +
U
4
(ni↑ni↓ + nj↑nj↓)
+B
∑
σ
(c†iσcjσ¯ + c
†
jσ¯ciσ)(niσ¯ + njσ) + V ninj + P (c
†
i↑c
†
i↓cj↓cj↑ + c
†
j↑c
†
j↓ci↓ci↑)
hyij = t(c
†
iσycj + c
†
jσyci)−
µ
4
(ni + nj) +
U
4
(ni↑ni↓ + nj↑nj↓)
+B
∑
σ
(σ¯ic†iσcjσ¯ + σic
†
jσ¯ciσ)(niσ¯ + njσ) + V ninj + P (c
†
i↑c
†
i↓cj↓cj↑ + c
†
j↑c
†
j↓ci↓ci↑), (8)
where c†i = (c
†
i↑, c
†
i↓), ni = ni↑ + ni↓, and σ¯ = −σ. The
noninteracting part t represents SOC which is responsible
for the Dirac points in momentum space. The B term
in Eq.(8) is known as the bond-charge interaction [21].
Note that it differs from the usual bond-charge interac-
tion
∑
σ(c
†
iσcjσ + c
†
jσciσ)(niσ¯ + njσ¯) by spin flips on the
bonds, which can be thought of as due to SOC [22]. In
addition, the terms V and P denote the nearest-neighbor
Coulomb interaction and the pair-hopping term, respec-
tively.
To construct the exact ground states of Eq.(7), the
basic idea is to identify some parameter regions where the
Hamiltonian (7) is frustration-free: The ground states of
Eq.(7) are simultaneous ground states of each and every
local bond Hamiltonian hx,yij in Eq.(8).
To find the parameter region (i.e., restrictions on U , B,
V , and P in the form of equalities and inequalities) where
the η-pairing states are frustration-free ground states, let
us diagonalize the local bond Hamiltonians (8). Here,
each bond Hamiltonian hx,yij has 16 local eigenstates and
their respective energies, which are summarized in Ta-
ble I. Notice that we have set B = −t in the calculation
[3–5, 20]. For B 6= −t, the local eigenstates become com-
plicated and it is very difficult to see whether there exists
a global frustration-free ground state [20].
We note that the η-pairing states with momentum
pi = (π, π) , i.e., (η†pi)
m|0〉, can be built completely from
the local states |00〉, |22〉, and |20〉−|02〉. Thus, (η†pi)
m|0〉
will be the common ground states of all the bond Hamil-
TABLE I. This table summarizes the 16 local eigenstates and
their respective eigenvalues of the bond Hamiltonians (8), for
B = −t. The 16 local bases are defined as follows: |00〉
denotes the vacuum, |22〉 = c†i↑c
†
i↓c
†
j↑c
†
j↓|00〉, |20〉 = c
†
i↑c
†
i↓|00〉,
|02〉 = c†j↑c
†
j↓|00〉, |σσ
′〉 = c†iσc
†
jσ′
|00〉, |σ0〉 = c†iσ|00〉, |0σ〉 =
c
†
jσ|00〉, |σ2〉 = c
†
iσc
†
j↑c
†
j↓|00〉, and |2σ〉 = c
†
i↑c
†
i↓c
†
jσ |00〉.
hxij h
y
ij
Eigenvalue Eigenstate Eigenstate
0 |00〉 |00〉
U
2
− µ+ 4V |22〉 |22〉
U
4
− µ
2
± P |20〉 ± |02〉 |20〉 ± |02〉
V − µ
2
|σσ′〉 |σσ′〉
±t− µ
4
|σ0〉 ± |0σ¯〉 |σ0〉 ± σi|0σ¯〉
±t+ U
4
− 3µ
4
+ 2V |σ2〉 ∓ |2σ¯〉 |σ2〉 ∓ σi|2σ¯〉
tonians hxij and h
y
ij , if |00〉, |22〉, and |20〉 − |02〉 are
local ground states. This requires that, from Table I,
0 = U2 − µ + 4V =
U
4 −
µ
2 − P are the minimum eigen-
values, which yields the following constraints
V = −
P
2
< 0, µ =
U
2
+ 4V
U < min(−8|t| − 8V,−4V ). (9)
Therefore, inside this parameter region together with
B = −t, the exact ground states of our interacting Dirac-
semimetal model (7) are (η†pi)
m|0〉 (m = 0, 1, ..., N).
In the same way, one can establish the parameter re-
4gion in which the η-pairing states with momentum 0 be-
come the exact ground states. (η†
0
)m|0〉 is now built com-
pletely from the local states |00〉, |22〉, and |20〉 + |02〉,
which have to be made local ground states. Again from
Table I, we get the following constraints
V =
P
2
< 0, µ =
U
2
+ 4V
U < min(−8|t| − 8V,−4V ). (10)
It is interesting to see that the CDW state |CDW〉 =∏
i∈A c
†
i↑c
†
i↓|0〉 can also be an exact ground state, where
A denotes one sublattice of the square lattice. Notice
that |CDW〉 can be constructed completely from the local
states |20〉 and |02〉, we get the following constraints
P = 0
U < min(−4|t|+ µ, 4V, 2µ)
V > max(
|t|
2
+
µ
8
,−
U
16
+
µ
8
). (11)
Eqs.(9)-(11) are exact results that establish the stabil-
ity regions of superconducting (i.e., the η-pairing states)
and CDW ground states. We thus see that, for suffi-
ciently small U , superconducting ground states are sta-
bilized by attractive V and finite P , whereas a repulsive
V (without P ) favors a CDW ground state.
In fact, the interactions V and P lift the degener-
acy between the η-pairing and the CDW states: When
V = P = 0, the local ground states in Table I are
|00〉, |20〉, |02〉, and |22〉 for B = −t, U = 2µ < −8|t|.
In this case, the ground-state space of Eq.(7) is spanned
by the bases
∏
i(c
†
i↑c
†
i↓)
li |0〉 (li = 0, 1) and is highly de-
generate, which contains both the η-pairing states (with
arbitrary momentum) and the CDW states. An interest-
ing question is that whether this exactly solvable region
(e.g., B = −t, U = 2µ < −8|t|, V = P = 0) hosts criti-
cal points where the ODLRO and CDW orders coexist,
and there might be enhanced or emergent symmetries
at these quantum critical points. Determining critical
points in the phase diagram with emergent symmetries
is a challenge that goes beyond the scope of the present
paper and deserves future studies.
Summary.—In summary, we have generalized Yang’s
η-pairing theory to a class of Hubbard models with SOC.
The η pairing reveals an SU(2) pseudospin symmetry in
these spin-orbit coupled Hubbard models, even though
the SU(2) spin symmetry is broken due to SOC. Based
on our exact results, we apply the η-pairing theory to
four concrete spin-orbit coupled Hubbard models, which
include three gapless and one gapped topological phases
in the noninteracting limit. We then focus on an inter-
acting Dirac-semimetal model on the square lattice. We
have established the stability regions in parameter space
where the η-pairing states with momentum pi and 0, as
well as CDW states, can be constructed as exact ground
states. The basic idea of the exact solution is to make the
Hamiltonian frustration-free in some parameter regions.
Based on our exact results and solutions, we identify
an exact SU(2) symmetry and establish the exact su-
perconducting ground states in spin-orbit coupled inter-
acting systems. This work may motivate future works
to study the possible exotic quantum phases in strongly
correlated systems and real materials with nonnegligible
SOC.
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1Supplemental Material
A. Derivation of Eq.(4)
Here, we show how to obtain Eq.(4) in the main text. We first rewrite the noninteracting part H0 in Eq.(1) as
H0 =
∑
k
[αk(c
†
k↑ck↓ + c
†
k↓ck↑) + βk(−ic
†
k↑ck↓ + ic
†
k↓ck↑) + (εk + γk)c
†
k↑ck↑ + (εk − γk)c
†
k↓ck↓]. (S1)
It is now convenient to use the momentum space expression of η-pairing operator η†Q =
∑
k c
†
k↑c
†
Q−k↓ to calculate its
commutator with H0. After a direct and lengthy calculation, we get the following result
[H0, η
†
Q] =
∑
k
[αkc
†
k↓c
†
Q−k↓ − αQ−kc
†
Q−k↑c
†
k↑ + iβkc
†
k↓c
†
Q−k↓ + iβQ−kc
†
Q−k↑c
†
k↑ + (εk + εQ−k + γk − γQ−k)c
†
k↑c
†
Q−k↓].
(S2)
Now, let us consider the first summation term S =
∑
k αkc
†
k↓c
†
Q−k↓ in Eq.(S2), and we have the following identities
S = −
∑
k
αkc
†
Q−k↓c
†
k↓
S =
∑
k′
αQ−k′c
†
Q−k′↓c
†
k′↓ =
∑
k
αQ−kc
†
Q−k↓c
†
k↓, (S3)
where the first line follows from the anti-commutation relation of fermion operators, and the substitution k = Q−k′
is used in the second line. As can be seen from Eq.(S3), if αk = αQ−k, then we have S = −S and hence S = 0.
The second summation term in Eq.(S2) also vanishes in the same way when αk = αQ−k. Similarly, the third and the
fourth summation terms in Eq.(S2) vanish separately when βk = βQ−k. Finally, the last summation term in Eq.(S2)
is equal to λ
∑
k c
†
k↑c
†
Q−k↓ = λη
†
Q, if εk + εQ−k + γk − γQ−k = λ, where λ is a constant independent of k.
In conclusion, when αk = αQ−k, βk = βQ−k, and εk+ εQ−k+γk−γQ−k = λ, i.e., Eq.(4), we have [H0, η
†
Q] = λη
†
Q.
B. Implications of η-pairing theory on the topological properties of spin-orbit coupled systems
Based on our generalized η-pairing theory, in the following we will show that Eq.(4) can have nontrivial restrictions
on the properties of band topology of spin-orbit coupled systems.
Since we are interested in the topological properties, the usual energy dispersion term εkσ0 in H0 can be ignored
because it does not affect the band topology. Eq.(4) is thus reduced to
αk = αQ−k, βk = βQ−k, γk − γQ−k = λ = 0, (S4)
where the last equation vanishes because λ is independent of k and we can take k = Q2 such that γQ
2
− γ
Q−Q
2
=
γQ
2
−γQ
2
= 0. Eq.(S4) implies that the corresponding Bloch Hamiltonian H(k) = αkσx+βkσy+γkσz has the property
H(k) = H(Q− k), (S5)
and the Bloch wave-functions also satisfy ψ(k) = ψ(Q − k) (up to an unphysical phase factor). From the point of
view of topology, this implies that each point k is topologically identical to the point Q− k in momentum space.
Let us now focus on 2-dimensional systems. If we translate the Brillouin zone (BZ) by vector Q2 and choose its
center as the new origin of coordinate in momentum space, then the above arguments mean that each point k is
topologically identical to the point −k. We now bipartite the BZ into two halves, then each half BZ is topologically
identical to a sphere which is a closed manifold (See Appendix A 3 in Ref.[17] for the proof).
Therefore, we arrive at the following conclusions:
(1). If the spin-orbit coupled system is a 2-dimensional Dirac-semimetal, then the number of Dirac points must be
a multiple of four.
Proof: Firstly, the two half BZs host equal number of Dirac points due to the symmetry property of Bloch Hamil-
tonian, e.g., Eq.(S5). Secondly, each half BZ is a closed manifold where the Dirac points must appear in pairs.
(2). If the system is a Chern insulator, then the band Chern number must be an even integer. [See Appendix A 3
in Ref.[17] for the proof.]
2C. The η-pairing states are topologically trivial
In this section, we argue that the η-pairing states, e.g., (η†
0
)m|0〉 (m = 0, 1, ..., N), are closely related to the
conventional BCS superconductivity and hence they are topologically trivial. Specifically, let us consider the s-wave
BCS mean-field Hamiltonian HBCS =
∑
kσ ξkc
†
kσckσ +
∑
k∆k(c
†
k↑c
†
−k↓ + c−k↓ck↑), where ∆k < 0. The intra-pair
distance between the two electrons in Cooper pair is finite, whereas it is zero (i.e., on-site singlet pairing) in the
η-pairing states. Therefore, the ground state of HBCS is in general not a linear combination of (η
†
0
)m|0〉.
However, HBCS is topologically equivalent to a simpler Hamiltonian H
′
BCS =
∑
k∆k(c
†
k↑c
†
−k↓ + c−k↓ck↑), since
the energy spectrum remains fully gapped during the deformation ξk → 0 and there should be no topological phase
transition. The ground state wave function (up to a normalization factor) of H ′BCS is now readily written as |G〉 =∏
k(1 + c
†
k↑c
†
−k↓)|0〉 =
∑N
m=0
1
m! (η
†
0
)m|0〉, which is a superposition of η-pairing states (η†
0
)m|0〉. Since HBCS is
topologically trivial, H ′BCS and hence (η
†
0
)m|0〉 are also topologically trivial.
D. Implications of η-pairing theory on the superconducting properties in Hubbard models with SOC
Following Zhang’s idea in Ref.[2], we will show that the SU(2) pseudospin symmetry of our spin-orbit coupled
Hubbard models would lead to a pair of new collective modes together with the usual Goldstone mode, if the system
is in the superconducting phase.
The crucial point in Zhang’s observation is the fact that the pseudospin operators can ”rotate” the superconducting
order and the CDW order into each other, in the following sense
[J+,∆z] = −2∆+, [J−,∆+] = −∆z, [Jz,∆+] = ∆+, (S6)
where the pseudospin operators J+ = Jx + iJy = η
†
Q, J− = J
†
+, Jz =
1
2 (Nˆe −N), the s-wave Cooper-pairing operator
∆+ =
∑
j c
†
j↑c
†
j↓, ∆− = ∆
†
+, and the CDW operator ∆z =
∑
jσ e
−iQ·jnjσ with the wave-vector Q.
To study the collective modes, let us consider the following response function
D+(t, t
′) = −
i
N
Θ(t− t′)〈[J+(t),∆z(t′)]〉. (S7)
Since the Hamiltonian is time-independent, we haveD+(t, t
′) = D+(t−t′) = − iNΘ(t−t
′)〈[J+(t−t′),∆z ]〉. From Eq.(6)
in the main text, the time dependence of pseudospin operators in the Heisenberg representation can be determined
explicitly, in particular, J+(t−t
′) = ei(λ+U)(t−t
′)J+. Using the commutator in Eq.(S6), Eq.(S7) can be thus calculated
exactly, i.e., D+(t− t
′) = 2iρΘ(t− t′)ei(λ+U)(t−t
′), where ρ = 〈∆+〉
N
denotes the superconducting order parameter.
Information about collective modes are now embedded in the analytic properties of the Fourier transform of Eq.(S7),
say
D+(ω) =
−2ρ
ω + (λ+ U) + iδ
, (S8)
where δ is a positive infinitesimal. Similarly, we have
D−(t, t′) = −
i
N
Θ(t− t′)〈[J−(t),∆†z(t
′)]〉, D−(ω) =
2ρ∗
ω − (λ+ U) + iδ
, (S9)
and
Dz(t, t
′) = −
i
N
Θ(t− t′)〈[Jz(t),∆+(t′)]〉, Dz(ω) =
ρ
ω + iδ
. (S10)
Therefore, as can be seen from Eqs.(S8), (S9), and (S10), if the ground state of our spin-orbit coupled Hubbard
model is in the superconducting phase (i.e., ρ 6= 0), then there must exist a triplet of collective modes with energies
−(λ+ U), λ+ U , and 0, respectively. Note that the collective mode with energy 0 in Eq.(S10) is simply the gapless
Goldstone mode resulting from the spontaneous U(1) symmetry breaking of superconductivity. In addition, we find
that there are a pair of new collective modes with energies ±(λ+U), which is also a consequence of superconductivity.
